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Abstract. For every prime p we give infinitely many examples of torsors 
under abelian varieties over Q that are locally trivial but not divisible by p in 
the Weil-Chatelet group. We also give an example of a locally trivial torsor 
under an elliptic curve over Q which is not divisible by 4 in the Weil-Chatelet 
group. This gives a negative answer to a question of Cassels. 



1. Introduction 

Let A be an abelian variety over a number field k with algebraic closure k. A 
fc-torsor under A is a variety T/k together with a simply transitive algebraic group 
action of A on T which is defined over k. The isomorphism classes of such torsors are 
parameterized by the Galois cohomology group H 1 (A) := H (fe, A(fc)), commonly 
known as the Weil-Chatelet group. The subgroup HI (A) C H 1 (A) consisting of 
classes which become trivial over every completion of k is known as the Tate- 
Shafarevich group. A torsor is trivial precisely when it possesses a rational point, 
so the classes in III (A) are precisely those represented by torsors which have points 
everywhere locally. 

It is conjectured that III (.A) is finite, and this is known for some modular abelian 
varieties including all elliptic curves over Q of analytic rank at most one. For 
principally polarized abelian varieties it is known that the order of III (A), if finite, 
is either a square or 2 times a square [16]. The proof of this fact is that there is 
a canonical antisymmetric pairing on III (A) whose kernel is the maximal divisible 
subgroup. The pairing was first defined by Cassels |B] in the case of elliptic curves. 
While doing so he raised the question of whether the elements of III (A) are infinitely 
divisible in the larger group H (A) l 6 ; , Problem 1.3], noting that an affirmative 
answer would allow him to show that the kernel of the pairing is the maximal 
divisible subgroup. He was subsequently able to use the weaker result, furnished 
by Tate, that 111(A) C p'H 1 (A) when A is an elliptic curve and p is prime to obtain 
his result on the pairing [7]. He notes, however, that the question of divisibility 
remained open [7J Problem (b)]. 

The issue was then taken up by Bashmakov Q3[2] who showed that for certain CM 
abelian varieties the elements of HI(A) are infinitely p-divisible in H 1 (A) whenever 
p is sufficiently large (depending on A). This would also hold, of course, if HI (A) 
were finite. Bashmakov's method makes use of results of Serre on the representation 
of Galois in the Tate module [IT]. These have subsequently been extended and 
improved by Bogomolov and by Serre [2l[T8], in effect extending Bashmakov's result 
to arbitrary abelian varieties. Recently Ciperiani and Stix [9] have given a more 
refined analysis and, consequently, explicit bounds on p. In particular, they have 
shown that for elliptic curves over Q, p-divisibility holds for all p > 7 (9J Theorem 
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A]. Moreover, for a fixed elliptic curve over Q, they show that p-di visibility can fail 
for at most one odd prime, and then for at most two quadratic twists of the given 
curve. 

The main result of this paper is that, despite the mounting evidence, the answer 
to Cassels' question is in general no. 

Theorem 1. There exists an elliptic curve A/Q such that UI(A) <£ 4H 1 (A). 

Theorem 2. For every prime p there exists an abelian variety A/Q such that 
UI(A) £pH x (A). 

The key to these examples is the characterization of when HI (A) C nH 1 (A) 
given in Theorem [3] below. One consequence of this is an algorithm that, at least 
in principle, can determine whether HI(j4)[n] C nH (A) for any n. The example 
(see Theorem |8]) we give to prove Theorem Q] is the curve of smallest conductor (it 
is 1025) with this property. It was originally found using a crude implementation 
of the algorithm in Magma [3], though the verification we give here is different. The 
examples for Theorem [2] are constructed using a slightly different approach. They 
come from Jacobians of cyclic covers of the projective line of genus (p 3 — 3p + 2)/2 
defined over the p-th cyclotomic held. We obtain examples over Q (of dimension 
larger by a factor of (p — 1)) using restriction of scalars. 

Acknowledgments. The author would like to thank Mirela Ciperiani and Jakob 
Stix for their comments, encouragement and useful discussions. 

2. Characterizing divisibility by n 

Let Qk denote the absolute Galois group of k. For a finite g^-module M and 
a nonnegative integer i, let LLP(M) denote the kernel of the map 
f|H 1 (fc^,M), the product running over all completions k v of k. When the base 
held is clear we will write H (M) in place of H 1 (fc, M). 

It was Tate who showed that Cassels' pairing could be generalized to a pairing 
III (A) x HI(A) — > Q/Z whose left and right kernels are the divisible subgroups [19] 
(Here A denotes the dual abelian variety). He notes that Cassels' methods suffice 
for the general case once one has recourse to his global duality theorems, and relates 
these to the pairing. The same tools allow one to characterize the divisibility of 
HI(.A) by n in H 1 (A) using the pairing. While it is a simple observation, the fact 
that one can rule out divisibility in H X (A) this way seems to have gone unnoticed. 

Theorem 3. Let A be an abelian variety over a number field and n an integer. 
In order that HI (A) C nil 1 (A) it is necessary and sufficient that the image of the 
natural map lU 1 (A[n}) -* HI (A) is contained in the maximal divisible subgroup of 

ni(i). 

Since the maximal divisible subgroup of HI(A) is the (right) kernel of the pairing 
Theorem |3] is a consequence of the following. 

Theorem 4. Suppose <f> : B — ► A is an isogeny of abelian varieties over a number 
field with dual isogeny <p : B -> A, and let T e HI (A). There exists T 1 e H (£?) such 
that 4>T' — T if and only if T is orthogonal to the image of the map HI 1 (A[<^]) — > 
HI (A) induced by the inclusion A[(p] C A. 
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Proof. Let 5 : H 1 (/c, A) — > H 2 (k, B[(j)]) be the connecting homomorphism arising 
from the exact sequence — > B[(p] — > B — » A — > 0. There exists a lift of T as 
in the statement if and only if S(T) = 0. The kernels of <fi and 4> are dual (as 
jjfc-modules), so Tate's duality theorem [TjJJ Theorem 3.1] gives an isomorphism 
m 2 {B[4>\) ^ LU^A^])*, where for an abelian group G, G* = Hom(G, Q/Z). On 
the other hand, the Cassels-Tate pairing gives a map III (A) — > 111(A)*. The 
'Weil pairing definition' of the Cassels-Tate pairing in [16j Section 12.2] can easily 
be extended to the case of an arbitrary isogeny in place of multiplication by an 
integer. Upon comparison of this definition with Tate's explicit description of his 
duality theorem as given in |19[ Section 3] the reader may convince themselves that 
following diagram commutes. 

(1) LU(A) — l+m\B[<t>]) 

111(1)* — ^m 1 {A{^})* 

Here the lower map is induced by the inclusion A[<p] C A. 

Now suppose T eUl(A). Since T is locally trivial, 5(T) e LU 2 (B[0]). Since the 
vertical map on the right is an isomorphism, 5(T) is trivial if and only if its image 
in III 1 (![</>])* is. By commutativity, this image is the character 

ni^i^]) -> ni(i) Q/Z. 

From this the statement is clear. □ 

Remark 5. In regard to Theorem|U it is well known that the stronger requirement 
that T 1 lie in LU(i?) can be met if and only if T is orthogonal to LU(A)[(/>*] (see 
e.g. [7j Lemma 4.1], [8j Corollary to Theorem 1.2], [11] Lemma 2.5] or [13l Lemma 
1.6.17]). The proof of this fact, as well as the general proof that the kernels of the 
pairing are the maximal divisible subgroups essentially boils down to establishing 
the commutativity of diagram ([1]) above. 

Remark 6. In regard to Theorem |3l the fact that the vanishing of LU 1 (A[n]) 
implies that the elements of LU(A) are divisible by n in H 1 (A) has been applied 
many times over. The results of Bashmakov, Ciperiani-Stix and Tate's result that 
HI(-E) C pH 1 (i?) all reduce to establishing that LU 1 (A[n]) is trivial under suitable 
circumstances. 

Remark 7. From the Kummer sequence, 

A(k)/nA{k) -s- H x (i[n]) ->• H x (i)[n] 0, 

it is clear that the vanishing of LU 1 (^4[n]) implies a local-global principle for divis- 
ibility by n in A(k). This has been studied by Dvornicich and Zannier [12]. If one 
is willing to assume that IH(^4) contains no nontrivial elements, then Theorem [3] 
may be interpreted as saying that the nontrivial elements of LU^^In]) always pose 
a nontrivial obstruction to the local-global principle for divisibility by n, either in 
A{k) or in H 1 ^). 
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3. The Example for Theorem [T] 
Theorem 8. Let E be the elliptic curve over Q with Weierstrass equation 

E : y 2 = x(x + 80) (x + 205) . 

Then m{E) (t 4H 1 ( J B). 

Remark 9. This is the smallest elliptic curve over Q (ordered by conductor) with 
this property. It is labelled 1025b2 in Cremona's Database [TO] . 



Proof. We fix the ordered basis P x = (0,0), P 2 = (-80,0) for E[2}. For any 
this gives us an isomorphism H 1 (K, E[2}) ~ (K x / K x2 ) 2 whose composition with 
the connecting homomorphism <5 : E(K) — > H 1 (X, E[2\) is given explicitly by 



P = (x,y) 



Let us consider the class £ £ H 1 (Q,_E[2]) represented by (1,5). We claim that for 
every prime p, the image of £ in H 1 (Q p , £'[2]) lies in the image of E[2] under the 
local connecting homomorphism E(Q P ) —> H 1 (Q p , S[2]). Assuming this we can 
complete the proof as follows. For any K/Q the exact sequence 




E[2] -> E[A] -> E[2] -> 

induces an exact sequence 

E[2] A R\K,E[2}) -> H 1 ^,^]) . 

Thus our claim implies that the image of £ in H X (Q, E[4]) lies in LU 1 (i?[4]). On 
the other hand, E has analytic rank 0. This implies that U1(E) is finite and, in 
particular, that it contains no nontrivial divisible elements. Also since E(Q) = E[2] 
and £ is clearly not contained in <5(i?[2]), the image of £ in UI(E) is nontrivial. The 
result then follows from Theorem [3] 

It remains to establish the claim. Equivalently we must show that for every 
p, the image £ p of (1,5) in (Q P /Qp 2 ) 2 is represented by at least one of the pairs 
(1, 1), (41, 5), (-5, -1), or (-205, -5). If 5 £ Q* 2 or if 41 £ Q* 2 , then £ p is clearly 
represented by the first or by the second pair, respectively. This covers the case 
when p £ {2, 5, 41, oo}. For any other p, all the entries lie in Z p , which has exactly 
2 square classes. If —5 £ Qp 2 , then —1 and 5 have the same square class, and we 
see that £ p is represented by the third pair. If none of 5, —5 or 41 is a square in 
Qp , then they all have the same square class and —205 = (—5) • 41 £ Qp 2 , so £ p is 
represented by the fourth pair. The cases considered are exhaustive, so the claim 
is proven. □ 

Remark 10. In the example UI(E) ~ Z/2Z x Z/2Z, and it is entirely possible to 
write down models for the corresponding torsors as double covers of P 1 . The torsor 
corresponding to £ is given by 

T 1 :y 2 = {llx 2 - 67x + 3l)(-x 2 -3x -l). 
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The other two nontrivial elements are given by 

T 2 :y 2 = (llx 2 - 3Ax + 19){x 2 + 6x + 4) , and 

T 3 :y 2 = (llx 2 - 89a; - ll){-x 2 -x + 1). 

Since there are no elements of order 4, T± pairs nontrivially with both T 2 and T3. 
So by Theorem |4] we see that T 2 ,T 3 ^ AH 1 (E). On the other hand, arguing as in 
the proof it is possible to show that neither T 2 nor T3 lies in the image of HI 1 (£[4]). 
Thus Ti e 4H 1 (£). 

4. The Examples for Theorem [2] 

As mentioned in the introduction, our examples are Jacobians of cyclic covers of 
the projective line. We begin by fixing some notation. Let X be a cyclic cover of P 1 
of prime degree p defined over a field k of characteristic prime to p containing the 
p-th roots of unity. We will assume that the covering is not ramified above 00 G P 1 
(this can always be arranged by a change of the coordinate on P 1 when k is infinite). 
By Kummer theory, X has a (possibly singular) model of the form y p = cf(x) where 
c G k x and / G k [x] has degree divisible by p and leading coefficient 1 . Let ft denote 
the set of ramification points. The 0-cycles of degree supported on Q generate a 
subgroup of the the p-torsion subgroup of the Jacobian J = Jac(X). There is 
an action of \i v on X/f 1 given by C, • (x, y) — (x, Cy), which induces an inclusion of 
the cyclotomic ring Z[/x p ] in End(J). The subgroup is the kernel of the isogeny 
cf> = (1 — f) £ End( J) where £ is a (hereupon fixed) primitive p-th root of unity. 

For any w G O the 1-cocycle £ : Qk 9 o H> — u>) € Jcj, represents a class in 

H 1 ^), which we will again denote by ^. The class of this cocycle does not depend 
on the choice for oj. One can easily determine if it is trivial with the following (see 
[151 Lemma 11.2]). 

Lemma 11. £ is trivial if and only if 

(1) / has a factor of degree prime to p, or 

(2) p = 2, deg(/) = 2 mod 4 and f{x) factors over some quadratic extension 
K as f = egg where g,g £ K[x] are Ga\(K/k) conjugates. 

The image of £ under the natural map H 1 (J < ^ ) ) — > H 1 (J) is represented by the 
torsor Alb^ paremeterizing 0-cycles of degree 1 on A. In the global situation, 
Lemma[TT]gives us a way to ensure that Alb^ lies in the image 

ofLHV-p) -> m (^)- 

For example, if we choose / so as to have a root in every completion this will be 
the case. The more involved task of arranging that Alb^- is not divisible in HI( J) 
will be achieved with the following. 

Lemma 12. Suppose k is a number field and that X has points everywhere locally. 
Let L denote the k-algebra k[x]/ f, and let N^/^ : L —¥ k denote the norm. If 
c i N L/k (L x )k x P, then Alb^ g </>LH(J). 

This follows directly from [TT| Theorem 4.6], and the details are to be found 
there. We simply summarize the principal train of thought. There is an explicit 
construction which, given a G L x such that cN(a) € k xp , produces an unramified 
covering of X. The coverings produced this way are in fact torsors under (whose 
type in the sense of Colliot-Thelene and Sansuc's theory of torsors under groups 
of multiplicative type is given by <—> J(k) = Pic°(A > ) C Pic(X)). One can 
show that every such torsor with the property (call it P) that the pullbacks of 
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the ramification points are linearly equivalent to fc-rational divisors arises in this 
way. Geometric class field theory gives a bijective correspondence between abelian 
A-torsors and abelian Alb^-torsors. One can show that any Alb^--torsor of type 
Jcf, that has points everywhere locally corresponds to an JT-torsor of type J<f, with 
property P (assuming X has points everywhere locally). On the other hand, a 
fc-torsor T under J can be made into an Alb^-torsor under J$ if and only if 
<j>T = A\Wx in H X (J). Thus Alb^ lies in 0HI(J) if and only there is some Alb^- 
torsor under that has points everywhere locally. As described above, this would 
imply that c is a norm modulo p-th powers. 

Remark 13. In the case p = 2, Bruin and Stoll asked [5J Question 7.2] if it were 
possible to find X that is everywhere locally solvable for which c is not a norm 
modulo squares. It was this question that originally motivated our construction of 
the examples in the following theorem. 

Theorem 14. Let k = Q(C) where £ is a primitive p-th root of unity. Let p and q 
be rational primes satisfying q = 1 mod p 2 (resp. modulo 8 ifp — 2), and set 

f{x) = (a* - Q){x p - q){x p - C<?) ■ ■ • (x p - C^q) . 

There are infinitely many cfP such that HI(J) <f. pH 1 (J) where J is the Jacobian 
of the cyclic cover o/Pj. defined by y p — cf{x). 

Proof. The condition on p and q ensures that the first and second factors of f(x) 
split into linear factors over Q g and Q p , respectively. For primes of k not lying above 
p or q, Hensel's Lemma shows that the factorization of f(x) can be determined by 
working over the residue field. By the pigeonhole principle at least one of the 
reductions of C, q, C,q, . . . , C p Q must be a p-th power. Thus we conclude that f(x) 
has a linear factor over every completion of k. By Lemma [TT] this implies that 
Alb^- lies in the image of UI(J^) — > HI(J) (for any c e fc x ). 

If c € k x is not a norm modulo p-th powers from L = k[x]/ f(x), then by Lemma 
[12] the class of Alb x in III (J) is not divisible by 4>. As the induced pairing on 
ILT( J)/0ILI(J) x ILI(J)[</>] is nondegnerate there must exist some T £ UI(J)[4>] 
pairing nontrivially with Alb^-. By Theorem [H T is not divisible by <f>. This 
implies that T ^ pIII(J) since ^P~ Y equals p up to a unit in End(J). Thus the 
proof will be complete if we can show that k x /N^fk(L x )k xp is infinite. 

We claim that if r is a prime of k lying above a rational prime r distinct from p and 
q such that r splits in the extension defined by x p — Qq for some i £ {1, . . . ,p — 1}, 
and is inert in the extension defined by x p — £, then r ^ N L / k (L x )k xp . Clearly 
the set of such primes has positive density. Since [k : Q] — p — 1 it will suffice to 
show that for any such r we have r ^ 7V£/q(L x )Q xp . By way of contradiction, let 
us suppose r is such a prime and that we can find a £ L x and z £ Q x such that 
N L/q {a) = rz p . 

Set K\ = k(jf() and K2 — k(tfq). For i — l,...,p— 1 the extensions of k 
defined by x p — ( l q all define the same extension of Q, which we will denote by 
K3. For a rational prime s distinct from p and q let Ti(s) be the greatest common 
divisor of the inertia degrees of the primes in Ki above s. Then ti(s) is prime to 
p if and only if £ 6 k s p for every completion of k at a prime s above s, and this 
occurs if and only if s is a p-th power modulo p 2 . Similarly T2(s) is prime to p if 
and only if q £ k$ p for every s above s. Finally T3(s) is prime to p if and only if 
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Cq € k£ p for some s above s. Thus, when s is not a square modulo p 2 , at most one 
of ri(s), t 2 (s) and T3(s) can be prime to p. 

As a Q-algebra, L splits as K\ x X 2 x ^3 x ■ • • x K3, and the norm N L /q is simply 
the product of the norms of the individual factors. So without loss of generality we 
can assume the image of a under the splitting is given by a = (ai, a 2 , as, 1, . . . , 1) 
with ai € -Kj X . The assumption on r implies that n (r) and r 2 (r) are divisible by 
p. So we see that the r-adic valuations of N Kl /q(a\) and -Wjg/qC ^) are divisible 
by p. Thus the r-adic valuation of iV^/Q^a) must be congruent to 1 modulo p. 

The completion of K3 at the prime above p is the p 2 -cyclotomic extension of Q p 
(since q € Qp P ). Using higher ramification theory one gets that N K3 /q(Ok 3 ) C 
1 + p 2 Z (or see [HI Satz V.1.8] for a direct proof). As r is not a p-th power modulo 
p 2 (and in particular not in l+p 2 Z), there must exist some rational prime s distinct 
from r and not in 1 + p 2 Z such that the s-adic valuation of Nj( 3 /Q(a3) is prime to 
p. This means that Ts(s) is prime to s. Thus Ti(s) and t 2 (s) are divisible by p. But 
then the s-adic valuation of N L /q(a) is prime to p which is a contradiction. This 
completes the proof □ 

To complete the proof of Theorem [2] it suffices to note that for an extension 
K/k and an abelian variety A over K, restriction of scalars gives an isomorphism 
^(K, A) = H 1 (fc, Rj(/k(A)). Thus the examples above also give rise to examples 
over Q. 
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